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Broken symmetries

Spontaneously broken symmetries → Goldstone Bosons

Goldstone Bosons have shift symmetry
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Shift symmetry
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Shift invariant Lagrangian: L = �1
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Function of invariant 
building block 

Wess-Zumino term

@µ�
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A broken symmetry transformation starts with a field-independent term:



Spacetime shift symmetries?

Can shift symmetries/broken symmetries involve spacetime symmetries?
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(Poincare)⌦ (compact internal)

Does not forbid broken symmetries, which are not ordinary S-matrix symmetries:  
instead lead to soft-theorems (i.e. Adler zero in pion physics)

Can we classify the possibilities for broken spacetime symmetries?



Function of invariant 
building block 

Galileon symmetry
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Scalar kinetic term also has galileon symmetry:

�� = bµx
µ

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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⇧µ⌫ = @µ@⌫�
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,

constant vector

Wess-Zumino terms (galileons):

with the first of these indicating that �(0) is a symmetry of L(0). Our goal in this section is

to seek expansions of this form for the various examples we have constructed, in order to

find simpler, but still non-trivial, theories with the same number of symmetries.

The expansion we choose is one in powers of the field ⇡ around some background. We

expand ⇡ around a constant background value ⇡0 and let � count powers of the deviation

from this background; i.e. we make the replacement

⇡ ! ⇡0 + �⇡ , (153)

and then expand the Lagrangians and symmetries in powers of �.

Applying this small field limit to the DBI Galileons (34) gives rise to the original Galileons

first studied in [4]. These are, up to total derivatives,
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. (154)
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Note that lower order terms in the expansion are total derivatives. For example, in the

expansion of L4 there exists an O (⇡2) piece, but this is a total derivative in Minkowski

space, and the first non-trivial term is the O (⇡4) piece shown above.

Applying the small field limit to the transformation laws (37) yields

�⇡ = 1 ,

�µ⇡ = xµ , (156)
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Nicolis, Rattazzi, Trincherini (2008)

Garrett Goon, KH, Austin Joyce, Mark Trodden (2012)

spacetime coordinates



DBI symmetry

Deformations of galileon symmetry:
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Extensions of Galileon symmetry

Scalar kinetic term also has extended galileon symmetry:
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symmetric, traceless constant tensor
special galileon:

A Hidden Symmetry of the Galileon
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We show that there is a special choice of parameters for which the galileon theory is invariant under
an enhanced shift symmetry whose non-linear part is quadratic in the coordinates. This symmetry
fixes the theory to be equivalent to one with only even powers of the field, with no free coe�cients,
and accounts for the improved soft limit behavior observed in the quartic galileon S-matrix.

E↵ective theories with derivative interactions have
been of great interest recently. Much of this work has
focused on a particular family of scalar field theories, the
galileons [1]. These theories have primarily been of in-
terest in cosmology, where they arise in various infrared
modifications of gravity (they appeared in the decoupling
limit of the Dvali–Gabadadze–Porrati model [2–4], and
have since been seen to arise in massive gravity [5, 6]),
but they have potential applications in many corners of
high energy physics, cosmology and even condensed mat-
ter.

Galileons appear in the non-relativistic limit of theories
describing fluctuating hypersurfaces [7–10], which is of
interest in high energy physics, but may also be of interest
for biophysics or condensed matter applications. The
galileons and their higher-shift analogues may also be
useful for describing Goldstone bosons near multi-critical
points [11–13].

Galileons possess a number of interesting properties:
they obey a non-renormalization theorem [2, 14], which
indicates that they may be employed to address natu-
ralness problems. They can exhibit classically non-linear
behavior without losing control of quantum corrections—
this is the essence of the Vainshtein mechanism which
can screen the presence of the galileon from Solar Sys-
tem tests [15, 16]. Additionally, the galileons can be in-
terpreted as Wess–Zumino terms for a particular spon-
taneously broken space-time symmetry [17]. For reviews
of these properties along with cosmological applications
and generalizations, see [18–20].

The galileon has two essential defining properties: sec-
ond order equations of motion (which ensures that the
theory does not propagate an Ostrogradsky-type ghost)
and invariance under the symmetry

�� = c+ bµx
µ, (1)

where c is a constant, bµ is a constant vector and xµ is the
spacetime coordinate. There are a finite number of terms
with these properties; D + 1 of them in D dimensions.

In this letter, we show that, up to field redefinitions,
there is a single choice of coe�cients for the galileon

⇤khinterbichler@perimeterinstitute.ca
†ajoy@uchicago.edu

terms for which the theory is additionally invariant un-
der a higher-shift symmetry. Up to field redefinitions,
this symmetry fixes all the coe�cients of the galileon,
and the resulting theory is equivalent to one with only
even powers of the field. For example, in four dimensions,
the theory containing only the quartic galileon term,
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2
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where ⇤ is the strong coupling scale, is invariant under
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µx⌫ +

1

⇤6
sµ⌫@µ�@⌫�, (3)

where sµ⌫ is a traceless symmetric constant tensor sµ⌫ =
s⌫µ, sµµ = 0.
As with all global symmetries, this symmetry has con-

sequences for correlation functions and scattering ampli-
tudes. We show that the soft-� theorem associated to
this extended shift symmetry implies that the soft limit
of scattering amplitudes starts at O(q3), higher than the
O(q2) behavior of a generic galileon. This explains a
phenomenon seen recently in [21].
Conventions: We use mostly plus signature. D is the
number of spacetime dimensions. ' denotes equality up
to total derivative.

A. Galileon Lagrangians and Useful Quantities

The galileon Lagrangians can be conveniently written
in terms of certain total derivative combinations. Define
the matrix of second derivatives: �µ

⌫ ⌘ @µ@⌫�. At each
order in �, there is a unique combination of �’s that is a
total derivative [1, 22],
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The sum is over all permutations of the ⌫ indices, with
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Extensions of Galileon symmetry

Scalar kinetic term has extended galileon symmetry of all orders:
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1 Introduction

Shift symmetries play a powerful role in diverse areas of physics: they provide a useful classifica-

tion of low-energy e↵ective theories and appear generically in any theory in which an internal or

spacetime symmetry is spontaneously broken. In theories with spontaneously broken symmetries,

masslessness of the Goldstone bosons is protected by symmetries that act like shift symmetries to

leading order in powers of the fields. The avatars of these symmetries in scattering amplitudes are

enhanced soft limits, the prototypical example of which is the Adler zero [1, 2]. Theories with shift

symmetries are also known to enjoy various non-renormalization theorems [3–6].

The simplest example of a shift-symmetric theory is a free massless scalar field in flat space. In

fact, this theory has an infinite number of non-linearly realized symmetries which take the form of

an infinite tower of shifts,1

�� = c + cµx
µ + cµ1µ2x

µ1x
µ2 + cµ1µ2µ3x

µ1x
µ2x

µ3 + · · · . (1.1)

Here the cµ1···µk
are rank-k symmetric and traceless constant tensors, and x

µ are the Cartesian

spacetime coordinates. We call k the level of the shift symmetry. Interactions generically break

the shift symmetries (1.1); however, certain classes of interactions can preserve subsets of these

symmetries. The symmetries preserved by interaction terms therefore provide a useful organizing

principle for classifying derivatively-coupled e↵ective field theories (EFTs) in flat space [11–16].

The k = 0 shift symmetry is the standard shift by a constant, c. Any interacting theory involving

at least one derivative per field will preserve this symmetry, including ghost-free theories such as

P (X) theories. If we allow for multiple interacting fields, there exist interesting field-dependent

deformations of the constant shift symmetry such that the symmetry generators form a non-abelian

algebra. Field theories invariant under these deformed symmetries are of the non-linear �-model

type.

The k = 1 shift symmetry underlies the galileon [3, 17]. Any interaction with at least two

derivatives per field preserves this symmetry, but there is also a finite set of interactions, the

galileon interactions, that have fewer than two derivatives per field and are ghost-free,

Ln ⇠ �Sn�1(@@�) , n = 1, 2, · · · , D + 1 , (1.2)

where Sn are the symmetric polynomials defined in Appendix A. These can be understood as

Wess–Zumino terms for the galileon symmetry [18] and, from the point of view of the S-matrix, as

theories with enhanced soft limits [13, 14, 19].2 In this case, there are again interesting non-abelian

deformations of the symmetries involving field-dependent terms, but here the deformation can be

achieved with a single scalar field. For example, both the Dirac–Born–Infeld (DBI) action and the

1
The free scalar also has an infinite number of unbroken symmetries, which form the higher-spin algebra underlying

Vasiliev’s higher-spin theory [7–10]. The shift symmetries studied here are distinct from these.
2
Enhanced in this context means that scattering amplitudes vanish more quickly in the soft limit than would

naively be expected from the number of derivatives per field.

3

There do not seem to be interesting theories at higher orders.
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Figure 1. Plot summarizing the allowed parameter space of EFTs. The blue region denotes EFTs
whose soft behavior is trivial due to the number of derivatives per interaction. The red region is
forbidden by consistency of the S-matrix, as discussed in Sec. 5. The white region denotes EFTs
with non-trivial soft behavior, with solid black circles representing known standalone theories. The
d-dimensional WZW term theory corresponds to (⇢, �) = (d�2

d�1 , 1). The exceptional EFTs all lie on
the boundary of allowed theory space and (⇢, �) = (3, 3) is forbidden.

also appeared in a completely di↵erent context from the CHY scattering equations [8], which

is a simple construction for building the S-matrices for certain theories of massless particles.

Altogether, these developments suggest that the exceptional theories are the EFT analogs

of gauge theory and gravity. In particular, they are all simple one-parameter theories whose

interactions are fully fixed by simple properties of the S-matrix.

In this paper, we systematically carve out the theory space of all possible Lorentz invariant

and local scalar EFTs by imposing physical consistency conditions on their on-shell scattering

amplitudes. Our classification hinges on a set of physical parameters (⇢, �, v, d) which label a

given hypothetical EFT. Here ⇢ characterizes the number of derivatives per interaction, with

a corresponding Lagrangian of the schematic form

L = @
2
�
2
F (@⇢

�) , (1.2)

for some function F . This power counting structure is required for destructive interference

between tree diagrams of di↵erent topologies [30]. Meanwhile, the parameter � is the soft

degree characterizing the power at which amplitudes vanish in the soft limit,

lim
p!0

A(p) = O(p�) . (1.3)
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DBI symmetry

Deformations of galileon symmetry:

flat DBI theory�� = bµx
µ +

1
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<latexit sha1_base64="uAVYSedJMkQqypAWwRd85MWDwko="></latexit>

�� = bµx
µ +

1

⇤

✓
b⌫x

⌫xµ@µ � 1

2
x2bµ@µ

◆
� AdS DBI theory

<latexit sha1_base64="fAB7czC8aCQIHisciKStB2MwFJY="></latexit>

L = �⇤4e4�/⇤
r

1 +
1

⇤4
e�2�/⇤(@�)2

Algebra of symmetries: 
<latexit sha1_base64="hw9bxGV5k/xDs5Mc5/Ugt31xOa4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkVaonKXjxWMF+QBvKZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2i/bBYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh25rcfqVQsEg96ElMvxEPBAkawNlLfLvYCiccpU9G0XD2/OOvbJafizIFWiZuREmRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fvgUnRplgIJImhIazdXfEykOlZqEvukMsR6pZW8m/ud1Ex1ceykTcaKpIItFQcKRjtAsBTRgkhLNJ4ZgIpm5FZERlphok1XBhOAuv7xKWtWKW6vU7i9L9ZssjjwcwwmUwYUrqMMdNKAJBBJ4hld4s56sF+vd+li05qxs5gj+wPr8AaW3km0=</latexit>

iso(2, 3)
<latexit sha1_base64="elMEq6UvUsJslp62gbVsMoYaaF4=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCBSm7UqonKXjxWMF+QFtKNs22odlkSbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCDmTBvP+3bW1jc2t7ZzO/ndvf2Dgnt41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKxrczv/VIlWZSPJhJTHsRHgoWMoKNlfpuoRsqPE6ZltOSf1E577tFr+zNgVaJn5EiZKj33a/uQJIkosIQjrXu+F5seilWhhFOp/luommMyRgPacdSgSOqe+n88Ck6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53USE173UibixFBBFovChCMj0SwFNGCKEsMnlmCimL0VkRFWmBibVd6G4C+/vEqal2W/Wq7eV4q1myyOHJzAKZTAhyuowR3UoQEEEniGV3hznpwX5935WLSuOdnMMfyB8/kDpbWSbQ==</latexit>

iso(1, 4)

<latexit sha1_base64="ChjtID1H+meZ9TPmj2qudw2qbT8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpTdUqonKXjxWMF+QFtLNs22odlkSbJKWfo/vHhQxKv/xZv/xrTdg7Y+GHi8N8PMPD/iTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKllrAhtEMmlavtYU84EbRhmOG1HiuLQ57Tlj29mfuuRKs2kuDeTiPZCPBQsYAQbKz10A4XHiZbTYvmict7PF9ySOwdaJV5KCpCi3s9/dQeSxCEVhnCsdcdzI9NLsDKMcDrNdWNNI0zGeEg7lgocUt1L5ldP0ZlVBiiQypYwaK7+nkhwqPUk9G1niM1IL3sz8T+vE5vgqpcwEcWGCrJYFMQcGYlmEaABU5QYPrEEE8XsrYiMsMLE2KByNgRv+eVV0iyXvGqpelcp1K7TOLJwAqdQBA8uoQa3UIcGEFDwDK/w5jw5L86787FozTjpzDH8gfP5A2WTkco=</latexit>

so(2, 4)

or

Algebra of symmetries: 

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{
z

}
<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|

{
z

}



�� = bµx
µ +

1

⇤4
bµ�@µ�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

D=4 Poincare:

<latexit sha1_base64="LS1wnIG34Bd9YgSKuMdS11RmhQg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8CKeIpgHZpcwO5kkQ2Zml3kIYclfePGgiFf/xpt/4yTZg0YLGoqqbrq74pQzbXz/yyusrK6tbxQ3S1vbO7t75f2Dlk6sIrRJEp6oTow15UzSpmGG006qKBYxp+14fD3z249UaZbIezNJaSTwULIBI9g46eG2l4XChtJOe+WKX/XnQH9JkJMK5Gj0yp9hPyFWUGkIx1p3Az81UYaVYYTTaSm0mqaYjPGQdh2VWFAdZfOLp+jEKX00SJQradBc/TmRYaH1RMSuU2Az0sveTPzP61ozuIwyJlNrqCSLRQPLkUnQ7H3UZ4oSwyeOYKKYuxWREVaYGBdSyYUQLL/8l7TOqkGtWrs7r9Sv8jiKcATHcAoBXEAdbqABTSAg4Qle4NXT3rP35r0vWgtePnMIv+B9fAPOVZED</latexit>

Jµ⌫

<latexit sha1_base64="i+BS8z740dB1WvE8SbHjCk+whfk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8SyMVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwrs399hMqzWP5YCYJ+hEdSh5yRo2VGrV+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5VypXFdqt5lceThDM7hEjy4gSrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB5hDjM4=</latexit>

C
<latexit sha1_base64="3Su1o4UHxKIL+xnj5vk+keSXN9U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtMu3d2E3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyV3ud56o0iyWj2aa0EDgkWQRI9hYyb8d9EU6qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8Xmqi6yBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpH1R9xr1xsNlrXlTxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A5/GjpI=</latexit>

Bµ

<latexit sha1_base64="0rgJnAPD3IX0eddslfRQ8mLj/dM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9KwIvHCOYB2SXMzvYmQ2YfzvQGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+akUGm372yqsrW9sbhW3Szu7e/sH5cOjlk4yxaHJE5mojs80SBFDEwVK6KQKWORLaPvDu5nfHoHSIokfcZyCF7F+LELBGRrJcwOQyKibDsSN0ytX7Ko9B10lTk4qJEejV/5yg4RnEcTIJdO669gpehOmUHAJ05KbaUgZH7I+dA2NWQTam8yPntIzowQ0TJSpGOlc/T0xYZHW48g3nRHDgV72ZuJ/XjfD8NqbiDjNEGK+WBRmkmJCZwnQQCjgKMeGMK6EuZXyAVOMo8mpZEJwll9eJa2LqlOr1h4uK/XbPI4iOSGn5Jw45IrUyT1pkCbh5Ik8k1fyZo2sF+vd+li0Fqx85pj8gfX5A/dbkZQ=</latexit>

�� = 1Shift symmetries:

Combines to D=5 poincare:

<latexit sha1_base64="GRYCKwmmSeqYXCuxX/zKmcfas2Y="></latexit>✓
Jµ⌫ Bµ

�Bµ 0

◆ <latexit sha1_base64="UVPf1dWP6niSg/jtYYTr82f78H8=">AAACHnicbVDLSgMxFM34rPVVdekmWATdlBnxtRKhG5cVrApNKZn0ThvMZIbkjlCG+RI3/oobF4oIrvRvTOssfB24cDjn3uTeE6ZKWvT9D29qemZ2br6yUF1cWl5Zra2tX9okMwLaIlGJuQ65BSU1tFGiguvUAI9DBVfhTXPsX92CsTLRFzhKoRvzgZaRFByd1KsdMAUR7rAQBlLn3Bg+KnIhilYvZ3FWMEablIHulxYzcjDE3V6t7jf8CehfEpSkTkq0erU31k9EFoNGobi1ncBPseseRSkUFFWWWUi5uOED6DiqeQy2m0/OK+i2U/o0SowrjXSifp/IeWztKA5dZ8xxaH97Y/E/r5NhdNzNpU4zBC2+PooyRTGh46xoXxoQqEaOcGGk25WKITdcoEu06kIIfp/8l1zuNYLDxuH5fv30pIyjQjbJFtkhATkip+SMtEibCHJHHsgTefbuvUfvxXv9ap3yypkN8gPe+yfonKOW</latexit>✓
Pµ

C

◆
<latexit sha1_base64="nr4EBu2BhxWtKj3aODzN2gFIJlw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT1J1Yt4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2keDDjmPoRHggWMoKNlZp3vfTqetIrltyyOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmmdlr1Ku3J+XapdZHHk4gmM4BQ+qUINbqEMDCDzCM7zCmyOdF+fd+Zi35pxs5hD+wPn8AS8ujuE=</latexit>

JAB
<latexit sha1_base64="UPtf0kaDMv3LbzMRwAT2fBnWQ/M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqiepePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Tf61/1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsv/yWts6pXq9buziv1qzyOIhzBMZyCBxdQh1toQBMYDOEJXuDVkc6z8+a8L1oLTj5zCL/gfHwD6U+Njw==</latexit>

PA

<latexit sha1_base64="y0QUKd3kp9qPDBSsn12x04O92sI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxgpsEkiXMTmaTITOzyzyEsOQbvHhQxKsf5M2/cZLsQaMFDUVVN91dccaZNr7/5ZXW1jc2t8rblZ3dvf2D6uFRW6dWERqSlKeqG2NNOZM0NMxw2s0UxSLmtBNPbud+55EqzVL5YKYZjQQeSZYwgo2TwtagL+ygWvPr/gLoLwkKUoMCrUH1sz9MiRVUGsKx1r3Az0yUY2UY4XRW6VtNM0wmeER7jkosqI7yxbEzdOaUIUpS5UoatFB/TuRYaD0VsesU2Iz1qjcX//N61iTXUc5kZg2VZLkosRyZFM0/R0OmKDF86ggmirlbERljhYlx+VRcCMHqy39J+6IeNOqN+8ta86aIowwncArnEMAVNOEOWhACAQZP8AKvnvSevTfvfdla8oqZY/gF7+MbtTaOoA==</latexit>

Pµ

First deformation: flat DBI theory

<latexit sha1_base64="HVzNM9Lz2TrSDsr8Vll4wAPxHWI=">AAACE3icbVDLSgMxFM3UV62vUZdugkVoRcqMlupKCm5cVrAP6JSSSTNtaCYZkoxShv6DG3/FjQtF3Lpx59+YtrOwrQcuHM65l3vv8SNGlXacHyuzsrq2vpHdzG1t7+zu2fsHDSViiUkdCyZky0eKMMpJXVPNSCuSBIU+I01/eDPxmw9EKir4vR5FpBOiPqcBxUgbqWufeoFEw4QqMS64Z+WiJ2l/oJGU4hHOWRfFrp13Ss4UcJm4KcmDFLWu/e31BI5DwjVmSKm260S6kyCpKWZknPNiRSKEh6hP2oZyFBLVSaY/jeGJUXowENIU13Cq/p1IUKjUKPRNZ4j0QC16E/E/rx3r4KqTUB7FmnA8WxTEDGoBJwHBHpUEazYyBGFJza0QD5BEWJsYcyYEd/HlZdI4L7mVUuWunK9ep3FkwRE4BgXggktQBbegBuoAgyfwAt7Au/VsvVof1uesNWOlM4dgDtbXL7AjnWQ=</latexit>

iso(1, 4) ! iso(1, 3)Symmetry breaking pattern:

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}

unbroken

broken

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}

Symmetries:

L = �⇤4

r
1 +

1

⇤4
(@�)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Probe brane construction

Flat 3-brane embedded in fixed 5D Minkowski

XA(xµ)

⌘AB

�P XA = !A
BXB + ✏A

�gX
A = ⇠µ@µXA

Action is invariant under bulk Poincare and 
reparametrizations of the brane worldsheet:

Fix isometries with a “unitary” gauge:
Xµ(x) = xµ, X5(x) ⌘ ⇡(x)

<latexit sha1_base64="9mEcSbz6WS0AHWztjMGZoNC3UHY="></latexit>

�� = �P�+ �g� = �!µ
⌫x

⌫@µ�� ✏µ@µ�+ !5
µx

µ � !µ
5�@µ�+ ✏5

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z }
4D poincare

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z }
shifts

<latexit sha1_base64="kOvMtt4zG4haaKSywQYi9N9aGoE=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzHBDZkxiG40JG5cYiKPBAbSKR1o6HQmbUclE/7DjQuNceu/uPNvLDALBU9yc0/OuTe9PV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QUOFsSS0TkIeypaHFeVM0LpmmtNWJCkOPE6b3uhm6jcfqFQsFPd6HFE3wAPBfEawNlK31T0vPp1edaIhM72XL9glewa0TJyUFCBFrZf/6vRDEgdUaMKxUm3HjrSbYKkZ4XSS68SKRpiM8IC2DRU4oMpNZldP0IlR+sgPpSmh0Uz9vZHgQKlx4JnJAOuhWvSm4n9eO9b+pZswEcWaCjJ/yI850iGaRoD6TFKi+dgQTCQztyIyxBITbYLKmRCcxS8vk8ZZyamUKnflQvU6jSMLR3AMRXDgAqpwCzWoAwEJz/AKb9aj9WK9Wx/z0YyV7hzCH1ifP8MYkWQ=</latexit>

X5(x) = �(x)

5D poincare compensating gauge  
transformation

<latexit sha1_base64="qpoEiRl7WJ/DXeVw37d0mWl+ffg="></latexit>0

BBBB@

�1
1

1
1

1

1

CCCCA
<latexit sha1_base64="AVBL77rGI9fGqsE21+bohyzuk+I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9KwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48rjMg=</latexit>=

extra dimension



Probe brane construction

gµ⌫ ⌘
@XA

@xµ

@XB

@x⌫
⌘AB

Actions are constructed from diff invariants of the intrinsic quantities on the brane:

induced metric
gauge Xµ(x) = xµ

extrinsic curvature Kµ⌫

covariant derivative rµ

intrinsic curvature R⇢
�µ⌫

Most general invariant Lagrangian:

Lowest order:  DBI term

<latexit sha1_base64="I0i3/K80xm8BdnHsjpQlCIZ1VcA=">AAACJHicbZBbS8MwGIZTj3Oeql56ExyCoIxWZAqiDLzxcoI7wFpKmqVbWJqWJBVG2Y/xxr/ijRce8MIbf4tpVzxsfhB483yH5Hv9mFGpLOvDmJtfWFxaLq2UV9fWNzbNre2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3hVZZv3xEhacRv1Sgmboj6nAYUI6WRZ573vdQJE4cn4wuHKPR9O3RiJBRFzMtAPKDO0Q/hOfHMilW18oCzwi5EBRTR8MxXpxfhJCRcYYak7NpWrNw0m4oZGZedRJIY4SHqk66WHIVEumm+5Bjua9KDQST04Qrm9HdHikIpR6GvK0OkBnI6l8H/ct1EBWduSnmcKMLx5KEgYVBFMHMM9qggWLGRFggLqv8K8QAJhJX2taxNsKdXnhWt46pdq9ZuTir1y8KOEtgFe+AA2OAU1ME1aIAmwOAePIJn8GI8GE/Gm/E+KZ0zip4d8CeMzy+S4qac</latexit>

gµ⌫ = ⌘µ⌫ + @µ�@⌫�

Z
d4x

p
�g !

Z
d4x

p
1 + (@⇡)2

<latexit sha1_base64="+69s14r36fPXC+eHv2tr0bjCx40=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmilRXUnDjsoJ9QGcsmTRtQzOZmGSEMhQ3/oobF4q49Svc+Tdm2llo64ELh3PuTe49gWBUacf5tnJLyyura/n1wsbm1vaOvbvXVFEsMWngiEWyHSBFGOWkoalmpC0kQWHASCsYXaV+64FIRSN+q8eC+CEacNqnGGkjde0DT91LnbinJU8gqSlinhjSk7vKpGsXnbIzBVwkbkaKIEO9a395vQjHIeEaM6RUx3WE9pP0VczIpODFigiER2hAOoZyFBLlJ9MTJvDYKD3Yj6QpruFU/T2RoFCpcRiYzhDpoZr3UvE/rxPr/oWfUC5iTTiefdSPGdQRTPOAPSoJ1mxsCMKSml0hHiKJsDapFUwI7vzJi6RZKbvVcvXmrFi7zOLIg0NwBErABeegBq5BHTQABo/gGbyCN+vJerHerY9Za87KZvbBH1ifP5uglu0=</latexit>p
1 + (@�)2

Gauss-Codazzi equations → only need K : + bulk curvature 

Derivative expansion:

<latexit sha1_base64="NQLgZY2SewhX1ZPwlfK0JLcU7XU="></latexit>

S =

Z
d4x

p
�g F (gµ⌫ ,rµ,Kµ⌫)

<latexit sha1_base64="6LbcFcXH3mYc56U7eGII0K8SLyY=">AAACDHicbVDLSgMxFM34rPVVdekmWAShUGaqVFdSEETopoJ9QGcsmUymDU0yQ5IRSukHuPFX3LhQxK0f4M6/MdPOQlsPXDg5515u7vFjRpW27W9raXlldW09t5Hf3Nre2S3s7bdUlEhMmjhikez4SBFGBWlqqhnpxJIg7jPS9odXqd9+IFLRSNzpUUw8jvqChhQjbaReoXjtKsqhU6qX6vcVU6clVyCfIZg+XRxEWpkuu2xPAReJk5EiyNDoFb7cIMIJJ0JjhpTqOnasvTGSmmJGJnk3USRGeIj6pGuoQJwobzw9ZgKPjRLAMJKmhIZT9ffEGHGlRtw3nRzpgZr3UvE/r5vo8MIbUxEnmgg8WxQmDOoIpsnAgEqCNRsZgrCk5q8QD5BEWJv88iYEZ/7kRdKqlJ1quXp7VqxdZnHkwCE4AifAAeegBm5AAzQBBo/gGbyCN+vJerHerY9Z65KVzRyAP7A+fwDIhZjz</latexit>

F ⇠ 1 +K +K2 +K3 +rK2 + · · ·



Brane construction: tadpole term

0 derivative term (tadpole):  
must set to zero to have           solution 

One term which can’t be written this way (Wess-Zumino term):

<latexit sha1_base64="mcD30D9ofhUzZlyZqHpEgfEqPgI=">AAACIHicbVDLSgMxFM3UV62vUZdugkV0Y5mRoq6k4EIXLhTsAzptyaRpG5rJjMkdoQzzKW78FTcuFNGdfo2Z2oW2HriXwzn3ktzjR4JrcJxPKzc3v7C4lF8urKyurW/Ym1s1HcaKsioNRagaPtFMcMmqwEGwRqQYCXzB6v7wPPPr90xpHspbGEWsFZC+5D1OCRipY58kHiUCX6UdF3uaB9jjEtpeNOC4m/V9T98pSA4v0rHL2kk5k9OOXXRKzhh4lrgTUkQTXHfsD68b0jhgEqggWjddJ4JWQhRwKlha8GLNIkKHpM+ahkoSMN1KxgemeM8oXdwLlSkJeKz+3khIoPUo8M1kQGCgp71M/M9rxtA7bSVcRjEwSX8e6sUCQ4iztHCXK0ZBjAwhVHHzV0wHRBEKJtOCCcGdPnmW1I5K7nHp+KZcrJxN4sijHbSLDpCLTlAFXaJrVEUUPaAn9IJerUfr2Xqz3n9Gc9ZkZxv9gfX1DTaoowo=</latexit>

L1 ⇠
Z �

d�0p�G ⇠ e4�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

5-volume bounded by brane:

<latexit sha1_base64="DFhkK04rmUBnt/gJ1kYfWFhLXlQ=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6kUpePFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNbvJkF97vVLZq3gz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5XvGrler9Rbl2k8dRgGM4gTPw4RJqcAd1aACFR3iGV3hDCr2gd/Qxb11B+cwR/AH6/AEIdo7H</latexit>

� = 0

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�



Probe brane construction
At each order: a unique term that gives 2nd order equations of motion:

• In dimension 2m, integral is a topological invariant (gives the Euler number of the manifold) 
⇒ total derivative in 2m dimensions. 

• Gives second order equations in higher dimensions, vanishes identically in lower dimensions 
(does not add new DOF). 

Lovelock terms:

They have Gibbons-Hawking type boundary terms:

B0 = 0
B1 = K

B2 = �2
3
K3

µ⌫ + KK2
µ⌫ �

1
3
K3 � 2(Rµ⌫ �

1
2
Rgµ⌫)Kµ⌫

...

de Rham, Tolley (2010)



DBI galileons

L2 =
p
�g

L3 =
p
�gK

L4 =
p
�g R

L5 =
p
�gKGB

Terms in D=4:

L2 = �
p

1 + (@⇡)2

L3 = � [⇧] + �2
⇥
⇡3

⇤

L4 = ��
⇣
[⇧]2 �

⇥
⇧2

⇤⌘
� 2�3

�⇥
⇡4

⇤
� [⇧]

⇥
⇡3

⇤�

L5 = ��2
⇣
[⇧]3 + 2

⇥
⇧3

⇤
� 3 [⇧]

⇥
⇧2

⇤⌘

��4
⇣
6 [⇧]

⇥
⇡4

⇤
� 6

⇥
⇡5

⇤
� 3

⇣
[⇧]2 �

⇥
⇧2

⇤⌘ ⇥
⇡3

⇤⌘

DBI galileons

Symmetric polynomials in terms of K :

<latexit sha1_base64="ktSrFAxGN6MSoL6g4f83/wxy5VQ=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhuLEmR6koKbgRdVLQPSEKYTCft0JkkzkyEErJ146+4caGIW//AnX/jtM1CWw/cy+Gce5m5J0gYlcqyvo2FxaXlldXSWnl9Y3Nr29zZbcs4FZi0cMxi0Q2QJIxGpKWoYqSbCIJ4wEgnGF6M/c4DEZLG0Z0aJcTjqB/RkGKktOSbMHMxYvA692vQlZTrdi9UdtzP4a1vOVeeb1asqjUBnCd2QSqgQNM3v9xejFNOIoUZktKxrUR5GRKKYkbysptKkiA8RH3iaBohTqSXTS7J4aFWejCMha5IwYn6eyNDXMoRD/QkR2ogZ72x+J/npCo88zIaJakiEZ4+FKYMqhiOY4E9KghWbKQJwoLqv0I8QAJhpcMr6xDs2ZPnSbtWtevV+s1JpXFexFEC++AAHAEbnIIGuARN0AIYPIJn8ArejCfjxXg3PqajC0axswf+wPj8AbA9mQ8=</latexit>

L2 ⇠
p
�gS0[K]

<latexit sha1_base64="a2lEWALHV79O/NSzDPONn7i92wc=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhuLIlKdSUFN4IuKtoHJCFMppN26EwSZyZCCdm68VfcuFDErX/gzr9x2mahrQfu5XDOvczcEySMSmVZ38bc/MLi0nJppby6tr6xaW5tt2ScCkyaOGax6ARIEkYj0lRUMdJJBEE8YKQdDC5GfvuBCEnj6E4NE+Jx1ItoSDFSWvJNmLkYMXid+8fQlZTrdi9UdtjL4a1vO1eeb1asqjUGnCV2QSqgQMM3v9xujFNOIoUZktKxrUR5GRKKYkbysptKkiA8QD3iaBohTqSXjS/J4b5WujCMha5IwbH6eyNDXMohD/QkR6ovp72R+J/npCo88zIaJakiEZ48FKYMqhiOYoFdKghWbKgJwoLqv0LcRwJhpcMr6xDs6ZNnSeuoateqtZuTSv28iKMEdsEeOAA2OAV1cAkaoAkweATP4BW8GU/Gi/FufExG54xiZwf8gfH5A7NemRE=</latexit>

L3 ⇠
p
�gS1[K]

<latexit sha1_base64="GOPzErYLwPPVent00XXU5x2py3M=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwY0lKqa6k4EbQRUX7gCSEyXTaDp1J4sxEKCFbN/6KGxeKuPUP3Pk3TtsstPXAvRzOuZeZe4KYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWiW6AJGE0JC1FFSPdWBDEA0Y6wehi4nceiJA0Cu/UOCYeR4OQ9ilGSku+CVMXIwavM78GXUm5bvdCpSeDDN76VefK882yVbGmgIvEzkkZ5Gj65pfbi3DCSagwQ1I6thUrL0VCUcxIVnITSWKER2hAHE1DxIn00uklGTzSSg/2I6ErVHCq/t5IEZdyzAM9yZEaynlvIv7nOYnqn3kpDeNEkRDPHuonDKoITmKBPSoIVmysCcKC6r9CPEQCYaXDK+kQ7PmTF0m7WrHrlfpNrdw4z+MoggNwCI6BDU5BA1yCJmgBDB7BM3gFb8aT8WK8Gx+z0YKR7+yDPzA+fwC2f5kT</latexit>

L4 ⇠
p
�gS2[K]

<latexit sha1_base64="OFmB1xuhhYLoMaD0waxTgZi+bBA=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwY0msVFdScCPooqJ9QBLCZDpth84kcWYilJCtG3/FjQtF3PoH7vwbp20W2nrgXg7n3MvMPUHMqFSW9W0UFhaXlleKq6W19Y3NLXN7pyWjRGDSxBGLRCdAkjAakqaiipFOLAjiASPtYHgx9tsPREgahXdqFBOPo35IexQjpSXfhKmLEYPXmV+FrqRct3uh0qN+Bm/9qnPl+WbZqlgTwHli56QMcjR888vtRjjhJFSYISkd24qVlyKhKGYkK7mJJDHCQ9QnjqYh4kR66eSSDB5opQt7kdAVKjhRf2+kiEs54oGe5EgN5Kw3Fv/znET1zryUhnGiSIinD/USBlUEx7HALhUEKzbSBGFB9V8hHiCBsNLhlXQI9uzJ86R1XLFrldrNSbl+nsdRBHtgHxwCG5yCOrgEDdAEGDyCZ/AK3own48V4Nz6mowUj39kFf2B8/gC2bJkT</latexit>

L3 ⇠
p
�gS3[K]

Bulk Einstein-Hilbert

Bulk Gauss-Bonnet



Lowest order DBI term:

tree level 4-pt. amplitude
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

consistent with positivity bounds

DBI theory: S-matrix

Adams,  Arkani-Hamed,  Dubovsky, Nicolis,  Rattazzi (2006)



Wrong sign BI theory

XA(xµ) ⌘AB
<latexit sha1_base64="AVBL77rGI9fGqsE21+bohyzuk+I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9KwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48rjMg=</latexit>=

extra dimension

What if we have a timelike extra dimension?

<latexit sha1_base64="RwVUlepU/9dwDaItyIvH9/7/HDw="></latexit>0

BBBB@

�1
1

1
1

�1

1

CCCCA

<latexit sha1_base64="CCbTgAhuYmFTFoFCzFSul46BnoE=">AAACJHicbZBNS8MwGMdTX+d8q3r0EhyCBx2tyBREGXjxOMG9wFpKmqVbWJqWJBVG2Yfx4lfx4sEXPHjxs5h2xZfNBwL//J6X5Pn7MaNSWdaHMTe/sLi0XFopr66tb2yaW9stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvDqyzfviNC0ojfqlFM3BD1OQ0oRkojzzzve6kTJg5PxhcOUej7duTESCiKmJeBeECdwx/Cc+KZFatq5QFnhV2ICiii4ZmvTi/CSUi4wgxJ2bWtWLlpNhUzMi47iSQxwkPUJ10tOQqJdNN8yTHc16QHg0jowxXM6e+OFIVSjkJfV4ZIDeR0LoP/5bqJCs7clPI4UYTjyUNBwqCKYOYY7FFBsGIjLRAWVP8V4gESCCvta1mbYE+vPCtax1W7Vq3dnFTql4UdJbAL9sABsMEpqINr0ABNgME9eATP4MV4MJ6MN+N9UjpnFD074E8Yn1+WLqae</latexit>

gµ⌫ = ⌘µ⌫ � @µ�@⌫�

DBI term:
Z

d4x
p
�g !

Z
d4x

p
1 + (@⇡)2

<latexit sha1_base64="ZaEAAwYQlnM1M+gmEI/swMrt8Yo=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEurDMFKmupODGZQX7gM5YMmnahmYyMckIZShu/BU3LhRx61e482/MtLPQ1gMXDufcm9x7AsGo0o7zbeWWlldW1/LrhY3Nre0de3evqaJYYtLAEYtkO0CKMMpJQ1PNSFtIgsKAkVYwukr91gORikb8Vo8F8UM04LRPMdJG6toHnrqXOnFPS55AUlPEPDGkJ3eVSdcuOmVnCrhI3IwUQYZ61/7yehGOQ8I1ZkipjusI7Sfpq5iRScGLFREIj9CAdAzlKCTKT6YnTOCxUXqwH0lTXMOp+nsiQaFS4zAwnSHSQzXvpeJ/XifW/Qs/oVzEmnA8+6gfM6gjmOYBe1QSrNnYEIQlNbtCPEQSYW1SK5gQ3PmTF0mzUnar5erNWbF2mcWRB4fgCJSAC85BDVyDOmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7A+fwCeypbv</latexit>p
1� (@�)2

Induced metric:

Mukhanov,  Vikman (2005)



Wrong sign DBI theory

<latexit sha1_base64="i+BS8z740dB1WvE8SbHjCk+whfk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8SyMVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwrs399hMqzWP5YCYJ+hEdSh5yRo2VGrV+seSW3QXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+npjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10roqe5VypXFdqt5lceThDM7hEjy4gSrcQx2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB5hDjM4=</latexit>

C

<latexit sha1_base64="3Su1o4UHxKIL+xnj5vk+keSXN9U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtMu3d2E3Y1QQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyV3ud56o0iyWj2aa0EDgkWQRI9hYyb8d9EU6qNbcujsHWiVeQWpQoDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUslFlQH2fzYGTqzyhBFsbIlDZqrvycyLLSeitB2CmzGetnLxf+8Xmqi6yBjMkkNlWSxKEo5MjHKP0dDpigxfGoJJorZWxEZY4WJsflUbAje8surpH1R9xr1xsNlrXlTxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A5/GjpI=</latexit>

Bµ

<latexit sha1_base64="0rgJnAPD3IX0eddslfRQ8mLj/dM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9KwIvHCOYB2SXMzvYmQ2YfzvQGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+akUGm372yqsrW9sbhW3Szu7e/sH5cOjlk4yxaHJE5mojs80SBFDEwVK6KQKWORLaPvDu5nfHoHSIokfcZyCF7F+LELBGRrJcwOQyKibDsSN0ytX7Ko9B10lTk4qJEejV/5yg4RnEcTIJdO669gpehOmUHAJ05KbaUgZH7I+dA2NWQTam8yPntIzowQ0TJSpGOlc/T0xYZHW48g3nRHDgV72ZuJ/XjfD8NqbiDjNEGK+WBRmkmJCZwnQQCjgKMeGMK6EuZXyAVOMo8mpZEJwll9eJa2LqlOr1h4uK/XbPI4iOSGn5Jw45IrUyT1pkCbh5Ik8k1fyZo2sF+vd+li0Fqx85pj8gfX5A/dbkZQ=</latexit>

�� = 1Shift symmetries: Symmetry breaking pattern:
<latexit sha1_base64="1jlnjE9XEXoUb+V7aa2PYFokREo=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoImWmSnUlBTcuK9gHdIaSSTNtaCYZkoxShv6DG3/FjQtF3Lpx59+YtrOo1QMXDufcy733BDGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29phKJxKSBBROyHSBFGOWkoalmpB1LgqKAkVYwvJ74rXsiFRX8To9i4keoz2lIMdJG6tonXijRMKVKjEuV07NjT9L+QCMpxQOcs1xjde2iU3amgH+Jm5EiyFDv2l9eT+AkIlxjhpTquE6s/RRJTTEj44KXKBIjPER90jGUo4goP53+NIZHRunBUEhTXMOpOj+RokipURSYzgjpgVr0JuJ/XifR4aWfUh4nmnA8WxQmDGoBJwHBHpUEazYyBGFJza0QD5BEWJsYCyYEd/Hlv6RZKbvVcvX2vFi7yuLIgwNwCErABRegBm5AHTQABo/gGbyCN+vJerHerY9Za87KZvbBL1ifP7AlnWQ=</latexit>

iso(2, 3) ! iso(1, 3)
<latexit sha1_base64="EVWxZA5vbORJoMHphkKapo0JwgU="></latexit>

�� = bµx
µ � 1

⇤4
bµ�@µ�

tree level 4-pt. amplitude
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

violates positivity bounds

Not equivalent to correct-sign DBI theory



Equivalence of EFTs

Landau/Wilson paradigm:

Symmetry breaking pattern   +   light degrees of freedom

Low energy physics = EFT → same should be true of EFTs

Is it true when space-time symmetries are broken?

Low energy dynamics



DBI symmetry

Deformations of galileon symmetry:

flat DBI theory�� = bµx
µ +

1

⇤4
bµ�@µ�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L = �⇤4

r
1 +

1

⇤4
(@�)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="uAVYSedJMkQqypAWwRd85MWDwko="></latexit>

�� = bµx
µ +

1

⇤

✓
b⌫x

⌫xµ@µ � 1

2
x2bµ@µ

◆
� AdS DBI theory

<latexit sha1_base64="fAB7czC8aCQIHisciKStB2MwFJY="></latexit>

L = �⇤4e4�/⇤
r

1 +
1

⇤4
e�2�/⇤(@�)2

Algebra of symmetries: 
<latexit sha1_base64="hw9bxGV5k/xDs5Mc5/Ugt31xOa4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkVaonKXjxWMF+QBvKZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2i/bBYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh25rcfqVQsEg96ElMvxEPBAkawNlLfLvYCiccpU9G0XD2/OOvbJafizIFWiZuREmRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fvgUnRplgIJImhIazdXfEykOlZqEvukMsR6pZW8m/ud1Ex1ceykTcaKpIItFQcKRjtAsBTRgkhLNJ4ZgIpm5FZERlphok1XBhOAuv7xKWtWKW6vU7i9L9ZssjjwcwwmUwYUrqMMdNKAJBBJ4hld4s56sF+vd+li05qxs5gj+wPr8AaW3km0=</latexit>

iso(2, 3)
<latexit sha1_base64="elMEq6UvUsJslp62gbVsMoYaaF4=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EixCBSm7UqonKXjxWMF+QFtKNs22odlkSbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCDmTBvP+3bW1jc2t7ZzO/ndvf2Dgnt41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKxrczv/VIlWZSPJhJTHsRHgoWMoKNlfpuoRsqPE6ZltOSf1E577tFr+zNgVaJn5EiZKj33a/uQJIkosIQjrXu+F5seilWhhFOp/luommMyRgPacdSgSOqe+n88Ck6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53USE173UibixFBBFovChCMj0SwFNGCKEsMnlmCimL0VkRFWmBibVd6G4C+/vEqal2W/Wq7eV4q1myyOHJzAKZTAhyuowR3UoQEEEniGV3hznpwX5935WLSuOdnMMfyB8/kDpbWSbQ==</latexit>

iso(1, 4)

<latexit sha1_base64="ChjtID1H+meZ9TPmj2qudw2qbT8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahgpTdUqonKXjxWMF+QFtLNs22odlkSbJKWfo/vHhQxKv/xZv/xrTdg7Y+GHi8N8PMPD/iTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKllrAhtEMmlavtYU84EbRhmOG1HiuLQ57Tlj29mfuuRKs2kuDeTiPZCPBQsYAQbKz10A4XHiZbTYvmict7PF9ySOwdaJV5KCpCi3s9/dQeSxCEVhnCsdcdzI9NLsDKMcDrNdWNNI0zGeEg7lgocUt1L5ldP0ZlVBiiQypYwaK7+nkhwqPUk9G1niM1IL3sz8T+vE5vgqpcwEcWGCrJYFMQcGYlmEaABU5QYPrEEE8XsrYiMsMLE2KByNgRv+eVV0iyXvGqpelcp1K7TOLJwAqdQBA8uoQa3UIcGEFDwDK/w5jw5L86787FozTjpzDH8gfP5A2WTkco=</latexit>

so(2, 4)

or

Algebra of symmetries: 

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{
z

}
<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|

{
z

}



Other deformation: AdS DBI theory

Symmetry breaking pattern:

<latexit sha1_base64="4XoRG75R2GoTMZWvCQA4ufkMfuo="></latexit>

JAB =

0

@
0 D 1

2 (P
⌫ �K⌫)

�D 0 1
2 (P

⌫ +K⌫)
� 1

2 (P
µ �Kµ) � 1

2 (P
µ +Kµ) Jµ⌫

1

A

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}

unbroken

broken

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



AdS DBI theory

Flat brane in bulk AdS:

XA(xµ)

Induced metric:

DBI term:
Z

d4x
p
�g !

Z
d4x

p
1 + (@⇡)2

<latexit sha1_base64="0Lr+LOkiA4xlTwHfkBkJarnNzCc=">AAACGHicbZDLSsNAFIYn9VbrLerSTbAIFbEmoVRXUnDjwkUFe4EmLZPppB06uTgzEUrIY7jxVdy4UMRtd76NkzQLbf1h4Oc758zM+Z2QEi50/VsprKyurW8UN0tb2zu7e+r+QZsHEUO4hQIasK4DOabExy1BBMXdkGHoORR3nMlNWu88YcZJ4D+IaYhtD4584hIEhUQD9QL345oVjkli8UcmYuNMgnMzI3d9s2KFkAkCaQpO+2YyUMt6Vc+kLRsjN2WQqzlQZ9YwQJGHfYEo5Lxn6KGw4/RWRHFSsiKOQ4gmcIR70vrQw9yOs8US7USSoeYGTB5faBn9PRFDj/Op58hOD4oxX6yl8L9aLxLulR0TP4wE9tH8ITeimgi0NCVtSBhGgk6lgYgR+VcNjSGDSMgsSzIEY3HlZdM2q0a9Wr+vlRvXeRxFcASOQQUY4BI0wC1oghZA4Bm8gnfwobwob8 qn8jVvLSj5zCH4I2X2A0S+n+g=</latexit>

e4�
q

1 + e�2�L2(@�)2



AdS theory: amplitudes

tree level 4-pt. amplitude
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

consistent with positivity bounds

<latexit sha1_base64="pE/cxNjoWWt/USvx5Hiv6Qf5NbI=">AAACGHicbVC7SgNBFJ2NrxhfUUubwSBEhLgblmijRGwsLCKYB2STMDuZTYbMPpi5K4Qln2Hjr9hYKGKbzr9x8ig08cCFwznnMnOPGwmuwDS/jdTK6tr6Rnozs7W9s7uX3T+oqTCWlFVpKELZcIliggesChwEa0SSEd8VrO4Obid+/YlJxcPgEYYRa/mkF3CPUwJa6mTPE4cSgW9GHfsquW/bTqjT2B45gnmQV+3iGeiJ20VH8l4fTjvZnFkwp8DLxJqTHJqj0smOnW5IY58FQAVRqmmZEbQSIoFTwUYZJ1YsInRAeqypaUB8plrJ9LARPtFKF3uh1BMAnqq/NxLiKzX0XZ30CfTVojcR//OaMXiXrYQHUQwsoLOHvFhgCPGkJdzlklEQQ00IlVz/FdM+kYSC7jKjS7AWT14mtWLBKhVKD3aufD2vI42O0DHKIwtdoDK6QxVURRQ9o1f0jj6MF+PN+DS+ZtGUMd85RH9gjH8AUX6esw==</latexit>

A4 =
L4

4

�
s2 + t2 + u2

�



AdS space

AdS1,4 is a hyperbola in M2,4 embedding space:

Poincare coordinates:

Induced metric:

Maximally symmetric space with (-,+,+,+,+) signature and R<0
Manifests the isometries:

Manifests unbroken subgroup:

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



2-time dS space

Maximally symmetric space with (-,-,+,+,+) signature and R>0

dS2,3 is the other hyperbola in M2,4 embedding space:

Poincare coordinates:

<latexit sha1_base64="EM5FMEOKPa7hNyBpEe4l3HyNkpQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJSkSHWjtHXjwkUF+6JNw2Q6bYdOJmFmItRQ/BU3LhRx63+482+ctllo64ELh3Pu5d57vJBRqSzr20gtLa+srqXXMxubW9s75u5eTQaRwKSKAxaIhockYZSTqqKKkUYoCPI9Rure8Hri1x+IkDTg92oUEsdHfU57FCOlJdc8aBOF3LhUHjc7pWanfHl628m7ZtbKWVPARWInJAsSVFzzq90NcOQTrjBDUrZsK1ROjISimJFxph1JEiI8RH3S0pQjn0gnnl4/hsda6cJeIHRxBafq74kY+VKOfE93+kgN5Lw3Ef/zWpHqXTgx5WGkCMezRb2IQRXASRSwSwXBio00QVhQfSvEAyQQVjqwjA7Bnn95kdTyObuQK9ydZYtXSRxpcAiOwAmwwTkoghtQAVWAwSN4Bq/gzXgyXox342PWmjKSmX3wB8bnD8EJlB8=</latexit>

⌘ABY
AY B = +L2

Induced metric:

Same isometries:

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,

Manifests unbroken subgroup:



2-time dS theory

Flat brane in bulk dS2,3:

XA(xµ)

Induced metric:

Same symmetry breaking pattern:Commutators unchanged  →

Different symmetry transformations:

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}

unbroken

broken

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>|
{z

}



2-time dS theory

tree level 4-pt. amplitude:
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

violates positivity bounds

<latexit sha1_base64="ERIuwSxr5uQ3d6TMZ8gxTdL1Y1U=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSBExLAblmijRGwsLCKYB2STMDuZTYbMPpi5K4Qlv2Hjr9hYKGKplX/j5FFo4oELh3POZeYeNxJcgWl+G6ml5ZXVtfR6ZmNza3snu7tXU2EsKavSUISy4RLFBA9YFTgI1ogkI74rWN0dXI/9+gOTiofBPQwj1vJJL+AepwS01MmaiUOJwFejjn1xmty2bSfUcWyPHME8yKt28QT0xO2iI3mvD8edbM4smBPgRWLNSA7NUOlkP51uSGOfBUAFUappmRG0EiKBU8FGGSdWLCJ0QHqsqWlAfKZayeSyET7SShd7odQTAJ6ovzcS4is19F2d9An01bw3Fv/zmjF4562EB1EMLKDTh7xYYAjxuCbc5ZJREENNCJVc/xXTPpGEgi4zo0uw5k9eJLViwSoVSnd2rnw5qyONDtAhyiMLnaEyukEVVEUUPaJn9IrejCfjxXg3PqbRlDHb2Ud/YHz9AMUanuo=</latexit>

A4 = �L4

4

�
s2 + t2 + u2

�

We seem to have 2 EFTs  with same symmetry breaking pattern and seemingly different amplitudes

Is this a counterexample to (symmetries)+(degrees of freedom) → (theory) ?

DBI term:



Coset construction

Full symmetry group:  G 
unbroken subgroup:     H 
Goldstone bosons:       G/H

Basis of G:

unbroken broken

Maurer-Cartan form:

invariant building blockinvariant connection

Coset element:

Symmetry breaking pattern   +   degrees of freedom Lagrangian

<latexit sha1_base64="dPokLtQtjKjIl34UWTjiamQbd4s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJliEClJmRKorKbhx4aKCvWBnGDJppg1NJkOSEcrQhRtfxY0LRdz6EO58G9N2Ftr6Q+DjP+dwcv4wYVRpx/m2lpZXVtfWCxvFza3tnV17b7+lRCoxaWLBhOyESBFGY9LUVDPSSSRBPGSkHQ6vJvX2A5GKivhOjxLic9SPaUQx0sYK7FLmYcTgzbjiCU76KLg/yaF1HNhlp+pMBRfBzaEMcjUC+8vrCZxyEmvMkFJd10m0nyGpKWZkXPRSRRKEh6hPugZjxInys+kRY3hknB6MhDQv1nDq/p7IEFdqxEPTyZEeqPnaxPyv1k11dOFnNE5STWI8WxSlDGoBJ4nAHpUEazYygLCk5q8QD5BEWJvciiYEd/7kRWidVt1atXZ7Vq5f5nEUQAkcggpwwTmog2vQAE2AwSN4Bq/gzXqyXqx362PWumTlMwfgj6zPH4xPl2U=</latexit>

L(!Z ,!V )Invariant Lagrangian: + Wess-Zumino terms

Invariant up to total derivative, classified by Lie algebra cohomology

Callan, Coleman, Wess, Zumino, (1969)



Coset construction for spacetime symmetries

Full symmetry group:  G 
unbroken subgroup:     H 
Goldstone bosons:       G/H

Basis of G:

broken

Maurer-Cartan form:

invariant connection

Coset element:

unbroken (includes translations P,  
rotations J)spacetime coordinates

invariant  
building block

invariant vielbein

More broken generators than Goldstones → Inverse Higgs constraints:

can eliminate       component in MC form

Volkov,  Ogievetsky  (1973)



Weyl theory

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z } <latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z }
unbrokenbroken

SO(2,4) conformal algebra:

Symmetry transformations:

Maurer-Cartan form: <latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



Weyl theory

Inverse Higgs constraint:

invariant building block:

invariant metric:

<latexit sha1_base64="KwIhiIp6j5kITVFeGtHQ5M1tZOI="></latexit>

L(gµ⌫ , Rµ⌫) ⇠
p
�g

�
1 +R+R2 + · · ·

�Lagrangian and derivative expansion:



Weyl theory
Ghost-free Lagrangians (conformal galileons):

(Wess-Zumino term)

Homogeneous in derivatives:

Nicolis, Rattazzi, Trincherini  (2009)



AdS theory

<latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z } <latexit sha1_base64="YrBBG6mT+pKDizAoOzpD4GO1UDg=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiQi1ZUU3LisYB/QhDCZ3LRDJ5MwMxFKyN6Nv+LGhSJu/QF3/o3Tx0Jbz+XC4Zx7mbknSDlT2ra/rdLa+sbmVnm7srO7t39QPTzqqiSTFDo04YnsB0QBZwI6mmkO/VQCiQMOvWB8M/V7DyAVS8S9nqTgxWQoWMQo0UbyqzU3EyHIQBIKuYuXq/Dzwq/W7YY9A14lzoLU0QJtv/rlhgnNYhCacqLUwLFT7eVEakY5FBU3U5ASOiZDGBgqSAzKy2e3FPjUKCGOEmlaaDxTf2/kJFZqEgdmMiZ6pJa9qfifN8h0dOXlTKSZBkHnD0UZxzrB02BwyCRQzSeGECqZ+SumI2Jy0Sa+ignBWT55lXTPG06z0by7qLeuF3GU0QmqoTPkoEvUQreojTqIokf0jF7Rm/VkvVjv1sd8tGQtdo7RH1ifPxUZmSg=</latexit>| {z }
unbroken broken

Different parametrization  
of the coset:

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,

Maurer-Cartan form:
<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



AdS theory

invariant building block:

invariant metric:

Inverse Higgs constraint:



Ghost-free galileon Lagrangians:

(Wess-Zumino term)

AdS theory

<latexit sha1_base64="VE68mDN5oxJpShz7ppvf/xpbpwA="></latexit>
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<latexit sha1_base64="LIcWZd1/P/laP90904MMj5UBzo8=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSkepKCF48V7Ae0oWw2m3btZjfsTgql9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSq4Qc/7dtbWNza3tgs7xd29/YPD0tFx06hMU9agSijdDolhgkvWQI6CtVPNSBIK1gqHdzO/NWLacCUfcZyyICF9yWNOCVqp2R1FCk2vVPYq3hzuKvFzUoYc9V7pqxspmiVMIhXEmI7vpRhMiEZOBZsWu5lhKaFD0mcdSyVJmAkm82un7rlVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8E0y4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCiDcFffnmVNC8rfrVSfbgq127zOApwCmdwAT5cQw3uoQ4NoPAEz/AKb45yXpx352PRuubkMyfwB87nD83Nj0k=</latexit>...



Weyl/AdS equivalence
Equate Maurer-Cartan forms:

Invertible field re-definition:

Relation between invariant building blocks:

Bellucci, Ivanov, Krivonos  (2003)



Weyl/AdS equivalence: galileons
Relation between galileon Lagrangians:

Preserves vacuum, kinetic term         preserves S-matrix

Creminelli, Serone, Trincherini  (2013)

Derivative expansion non-manifest in the AdS formulation



dS theory

<latexit sha1_base64="VE68mDN5oxJpShz7ppvf/xpbpwA="></latexit>
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q
1 + e�2�L2(@�)2<latexit sha1_base64="AVBL77rGI9fGqsE21+bohyzuk+I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9KwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48rjMg=</latexit>=

Different parametrization of the coset:

invariant building block:

invariant metric:

Lagrangians:

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



Weyl/dS equivalence
Equate Maurer-Cartan forms:

Invertible field re-definition:

relation between building blocks:

relation among galileon Lagrangians:

<latexit sha1_base64="Bjh7PLAhJ8+tWWgcty+lSuxHjuk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQkAS8eEzAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7RK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPEnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqXZa9SrtSvStXbLI48nMApnIMH11CFe6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gB1Z4y3</latexit>,



AdS/dS equivalence

Compose the two maps:

Preserves vacuum, kinetic term         preserves S-matrix

(AdS → Weyl) ⨉ (dS → Weyl)-1 = (AdS → dS)



Amplitudes dS vs AdS

AdS 4-pt. amplitude:

All amplitudes agree under the equivalence derived from the coset:

dS 4-pt. amplitude:

higher orders contribute



Time vs. space

In our example: an observer stuck on the 3-brane cannot tell whether their brane is probing a spacelike 
or timelike extra dimension:

space
time

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�
<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>

�

<latexit sha1_base64="8EUvjsWliY42jPFBsGtXptvWYPM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWk9S8OKxgv2ANpTNdtMs3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyScaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2BJ5KFjGCTS8MkYqNqza27C6B14hWkBgXao+rXcByTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFEzqwVGJBtZ8tbp2jC6uMURgrW9Kghfp7IsNC65kIbKfAJtKrXi7+5w1SE974GZNJaqgky0VhypGJUf44GjNFieEzSzBRzN6KSIQVJsbGU7EheKsvr5PuVd1r1BsP17XWbRFHGc7gHC7Bgya04B7a0AECETzDK7w5wnlx3p2PZWvJKWZO4Q+czx8V5o5G</latexit>
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�
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�

Conclusion likely changes if the bulk becomes dynamical in any way

Typical question in AdS/CFT: how does CFT know whether to generate a spacelike or timelike holographic direction?



How does all this extend to (A)dS branes and to higher spins?



Massive higher spin shift symmetries in (A)dS

The fact that �� is negative is a symptom of the tachyonic mass—at late times (⌘ ! 0) the field

is diverging. However, this dangerous zero mode can be removed by a shift transformation. To see

this, we note that the inflationary slicing is given by the embedding (B.15), so that if we perform

a shift (2.3) along the lightcone coordinate (B.18), we find

�� = S+···+X
+

· · · X
+
��
⇢=R / ⌘

�k
, (2.14)

which has precisely the same time dependence as the growing mode (2.11). This is not completely

satisfactory, because modes with arbitrarily small wave numbers will also seem unstable if we wait

long enough. However, this is an artifact of the inflationary slicing. Going to global coordinates,

there are only a finite number of modes that are sick: modes with spatial angular momentum L  k

are tachyonic.6 However, these are precisely the modes which can be generated or removed by the

symmetries (2.2), so that these scalar fields appear to be healthy.

In the AdS context, these scalars are not tachyonic, but rather correspond to conventional scalar

representations. They lie well above the Breitenlohner–Freedman bound [58] and are therefore uni-

tary. These particular mass values and their associated shift symmetries have not, to our knowledge,

been much studied in AdS space, though we expect that they should play some interesting role in

the AdS/CFT correspondence.

2.2 Symmetric tensor fields

Shift symmetries for fields with spin s � 1 have not been extensively studied, likely because

Goldstone bosons for broken internal symmetries are always scalars.7 However, in certain cases

massive Goldstone-like fields with spin arise in (A)dS space [60] (soft limits for spin-1 theories in

flat space have been studied in [61]). We now discuss how the scalar shift symmetries generalize to

symmetric tensor fields in (A)dS space.

A free spin-s bosonic field of mass m on (A)dS
D

can be described by a completely symmetric

tensor, �µ1···µs
, that obeys the following on-shell equations of motion:

�
⇤ � H

2 [s + D � 2 � (s � 1)(s + D � 4)] � m
2
�
�µ1···µs

= 0 , r
⌫
�⌫µ2···µs

= 0 , �
⌫

⌫µ3···µs
= 0 .

(2.15)

This theory develops a shift symmetry at the following values of the mass:

m
2
s,k

= �(k + 2)(k + D � 3 + 2s)H2
, k = 0, 1, 2, . . . , (s � 1) . (2.16)

The form of the level-k shift symmetry acting on the spin-s field is

��µ1···µs
= K

(k)
µ1···µs

, (2.17)

6
More properly, they are zero-norm with respect to the Klein–Gordon inner product.

7
Additionally, massless Goldstone fields with nonzero spin coming from broken spacetime symmetries are subject

to constraints, see e.g., [59].
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Massive spin s field on (A)dS:Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry

��µ1...µs = SA1...As+k,B1...BsX
A1 . . . X

As+k
@X

B1

@xµ1
. . .

@X
Bs
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Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry
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I In AdSD, the dual CFTD�1 operator has � = k + s+D � 1.

recovered in a somewhat subtle way, similar to the massless case for s � 3 [34–36]. In Appendix A,

we work out the equations of motion for both partially massless points of a spin-3 field on de Sitter

space from the o↵-shell Lagrangian starting point. This is provided for convenience to illustrate

the relationship between this standard viewpoint and the formalism which we adopt in the rest of

the paper. We comment on some natural future directions in section 6.

Conventions: We use the mostly plus metric signature. We (anti) symmetrize tensors with unit

weight, e.g., S(µ⌫) =
1
2(Sµ⌫ + S⌫µ). We work on de Sitter space of dimension D and Hubble radius

1/H throughout. The curvature tensors of this de Sitter space are given by

Rµ⌫⇢� = H
2 (gµ⇢g⌫� � gµ�g⌫⇢) , Rµ⌫ = (D � 1)H2

gµ⌫ , R = D(D � 1)H2
.

All of our formulae apply equally well to anti-de Sitter by taking H
2 7! �L

�2, with L the AdS

radius. We define the depth, t, of a partially massless field to be the highest helicity component

removed by a gauge symmetry or, equivalently, the number of indices on the gauge parameter.3

Young tableaux are employed in the manifestly antisymmetric convention, and on the tensors we

use commas to delineate anti-symmetric groups of indices corresponding to columns of length two

or greater. The projector onto a tableau with row lengths r1, r2, · · · is denoted Pr1,r2,··· where the

indices to be projected should be obvious from context. The action of the projector is to first

symmetrize the indices in each row, and then anti-symmetrize the indices in each column, with an

overall normalization fixed so that P 2
r1,r2,··· = Pr1,r2,···. An excellent introduction to Young tableaux

can be found in section 4 of [65] or the book [66].

2 Partially massless equations and complexes

A spin-s field of mass m on (A)dS
D

is carried by a totally symmetric tensor `µ1···µs which obeys

the on-shell equations of motion

�
⇤�H

2 [D + (s� 2)� (s� 1)(s+D � 4)]�m
2
�
`µ1···µs = 0 , r⌫

`⌫µ2···µs = 0 , `
⌫

⌫µ3···µs
= 0.

(2.1)

At generic values of the mass, these equations propagate

(D � 3 + 2s)(D � 4 + s)!

s!(D � 3)!
(2.2)

degrees of freedom.

3
Note that this definition of the depth di↵ers from some papers in the literature, which define the depth by the

number of derivatives in the gauge transformation; it is straightforward to convert between these conventions by

sending t 7! s� t.

5

�µ1···µs + · · · = 0
<latexit sha1_base64="VuKfLy200n8O9ytMEZBlz+WlZMI=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZEXUjFNy4rGAv0BmGTCZtQ3MZkoxQhm7d+CpuXCji1jdw59uYaWehrT8EvvznHJLzxymj2njet7O0vLK6tl7ZqG5ube/sunv7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48uinqnQeiNJXi3oxTEnI0ELRPMTLWilwYpEMa5QHPIj/AiTS6QD05nV2uvciteXVvKrgIfgk1UKoZuV9BInHGiTCYIa17vpeaMEfKUMzIpBpkmqQIj9CA9CwKxIkO8+kmE3hsnQT2pbJHGDh1f0/kiGs95rHt5MgM9XytMP+r9TLTvwpzKtLMEIFnD/UzBo2ERSwwoYpgw8YWEFbU/hXiIVIIGxte1Ybgz6+8CO2zum/57rzWuCjjqIBDcAROgA8uQQPcgiZoAQwewTN4BW/Ok/PivDsfs9Ylp5w5AH/kfP4AotmaOw==</latexit><latexit sha1_base64="VuKfLy200n8O9ytMEZBlz+WlZMI=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZEXUjFNy4rGAv0BmGTCZtQ3MZkoxQhm7d+CpuXCji1jdw59uYaWehrT8EvvznHJLzxymj2njet7O0vLK6tl7ZqG5ube/sunv7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48uinqnQeiNJXi3oxTEnI0ELRPMTLWilwYpEMa5QHPIj/AiTS6QD05nV2uvciteXVvKrgIfgk1UKoZuV9BInHGiTCYIa17vpeaMEfKUMzIpBpkmqQIj9CA9CwKxIkO8+kmE3hsnQT2pbJHGDh1f0/kiGs95rHt5MgM9XytMP+r9TLTvwpzKtLMEIFnD/UzBo2ERSwwoYpgw8YWEFbU/hXiIVIIGxte1Ybgz6+8CO2zum/57rzWuCjjqIBDcAROgA8uQQPcgiZoAQwewTN4BW/Ok/PivDsfs9Ylp5w5AH/kfP4AotmaOw==</latexit><latexit sha1_base64="VuKfLy200n8O9ytMEZBlz+WlZMI=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZEXUjFNy4rGAv0BmGTCZtQ3MZkoxQhm7d+CpuXCji1jdw59uYaWehrT8EvvznHJLzxymj2njet7O0vLK6tl7ZqG5ube/sunv7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48uinqnQeiNJXi3oxTEnI0ELRPMTLWilwYpEMa5QHPIj/AiTS6QD05nV2uvciteXVvKrgIfgk1UKoZuV9BInHGiTCYIa17vpeaMEfKUMzIpBpkmqQIj9CA9CwKxIkO8+kmE3hsnQT2pbJHGDh1f0/kiGs95rHt5MgM9XytMP+r9TLTvwpzKtLMEIFnD/UzBo2ERSwwoYpgw8YWEFbU/hXiIVIIGxte1Ybgz6+8CO2zum/57rzWuCjjqIBDcAROgA8uQQPcgiZoAQwewTN4BW/Ok/PivDsfs9Ylp5w5AH/kfP4AotmaOw==</latexit><latexit sha1_base64="VuKfLy200n8O9ytMEZBlz+WlZMI=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCIJQZEXUjFNy4rGAv0BmGTCZtQ3MZkoxQhm7d+CpuXCji1jdw59uYaWehrT8EvvznHJLzxymj2njet7O0vLK6tl7ZqG5ube/sunv7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48uinqnQeiNJXi3oxTEnI0ELRPMTLWilwYpEMa5QHPIj/AiTS6QD05nV2uvciteXVvKrgIfgk1UKoZuV9BInHGiTCYIa17vpeaMEfKUMzIpBpkmqQIj9CA9CwKxIkO8+kmE3hsnQT2pbJHGDh1f0/kiGs95rHt5MgM9XytMP+r9TLTvwpzKtLMEIFnD/UzBo2ERSwwoYpgw8YWEFbU/hXiIVIIGxte1Ybgz6+8CO2zum/57rzWuCjjqIBDcAROgA8uQQPcgiZoAQwewTN4BW/Ok/PivDsfs9Ylp5w5AH/kfP4AotmaOw==</latexit>

Symmetry under shifts parametrized by a mixed symmetry ambient space tensor:

James Bonifacio, KH, Austin Joyce, Rachel A. Rosen (1812.08167)



Higher spins in (A)dS

Free higher-spin particles in (A)dS space

Similarly, a massive spin-s particle �µ1...µs with the mass

m
2
s,k = (k + 2)(k +D � 3 + 2s)/L2

,

where k 2 Z�0, corresponds to a harmonic ambient space field
with homogeneity degree k + s, so it has the shift symmetry

��µ1...µs = SA1...As+k,B1...BsX
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where
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I In AdSD, the dual CFTD�1 operator has � = k + s+D � 1.Dual CFTd operators:
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<latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit><latexit sha1_base64="LHVPwiOM302VbMKI+mwoRmgoS2o=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMOyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDMJ41r</latexit>

t = 1
<latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit><latexit sha1_base64="se1kFHb6CMQgsSjpTCG930/EXwk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeOMNyhW36i5E1sHLoQK5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LCoaceNni1Vn5MI6QxLG2j6FZOH+nshoZMw0CmxnRHFsVmtz879aL8Xw2s+ESlLkii0/ClNJMCbzu8lQaM5QTi1QpoXdlbAx1ZShTadkQ/BWT16H9lXVs3xfqzRqeRxFOINzuAQP6tCAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+R8/gDNq41s</latexit>

t = 2
<latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit><latexit sha1_base64="AdrseI08UjF4vSifq45PhsGK6os=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPeFMblCtu1V2IrIOXQwVyNQflr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWVQ04sbPFqvOyIV1hiSMtX0KycL9PZHRyJhpFNjOiOLYrNbm5n+1XorhtZ8JlaTIFVt+FKaSYEzmd5Oh0JyhnFqgTAu7K2FjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sj5/AHPL41t</latexit>

k
=

1

<latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit><latexit sha1_base64="59nhFX0tp2wquFh+pEfe/+zLvHk=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxtvUK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we/9Y1j</latexit>k
=

2

<latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit><latexit sha1_base64="bLaa8bs21OTdHw//6XTRo3H9qVw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSUtCLUPDisaL9gDaUzXbSLt1swu5GKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR2Xu88odI8lo9mmqAf0ZHkIWfUWOthclMblCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaozcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCaz/jMkkNSrb8KEwFMTGZ302GXCEzYmqBMsXtroSNqaLM2HRKNgRv9eR1aNeqnuX7eqVRz+MowhmcwyV4cAUNuIMmtIDBCJ7hFd4c4bw4787HsrXg5DOn8EfO5w/BeY1k</latexit> k
=

0

<latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit><latexit sha1_base64="B52Py7wUPFkprDki/tZSkNeQuxI=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKdSLUPDisaL9gDaUzXbTLt1swu5EKKE/wYsHRbz6i7z5b9y2OWjrCwsP78ywM2+QSGHQdb+dwsbm1vZOcbe0t39weFQ+PmmbONWMt1gsY90NqOFSKN5CgZJ3E81pFEjeCSa383rniWsjYvWI04T7ER0pEQpG0VoPkxt3UK64VXchsg5eDhXI1RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z1HRiBs/W6w6IxfWGZIw1vYpJAv390RGI2OmUWA7I4pjs1qbm//VeimG134mVJIiV2z5UZhKgjGZ302GQnOGcmqBMi3sroSNqaYMbTolG4K3evI6tK+qnuX7WqVRy+MowhmcwyV4UIcG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+CPn8we+cY1i</latexit>

d + 2
<latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit><latexit sha1_base64="LDfabs3fGMM8tGvu5nSmYj960uQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSlIIeC148VrQf0Iay2WzapZtN2J0IpfQnePGgiFd/kTf/jds2B219YeHhnRl25g1SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ22TZJrxFktkorsBNVwKxVsoUPJuqjmNA8k7wfh2Xu88cW1Eoh5xknI/pkMlIsEoWushvKoNyhW36i5E1sHLoQK5moPyVz9MWBZzhUxSY3qem6I/pRoFk3xW6meGp5SN6ZD3LCoac+NPF6vOyIV1QhIl2j6FZOH+npjS2JhJHNjOmOLIrNbm5n+1XobRjT8VKs2QK7b8KMokwYTM7yah0JyhnFigTAu7K2EjqilDm07JhuCtnrwO7VrVs3xfrzTqeRxFOINzuAQPrqEBd9CEFjAYwjO8wpsjnRfn3flYthacfOYU/sj5/AGbdY1L</latexit>

d + 3
<latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit><latexit sha1_base64="JdEmBgUtqRkVgW8IwZrZrSKEhh0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSaEGPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOc+Y1M</latexit>

d + 4
<latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit><latexit sha1_base64="DeOJDXdDnRue4gVQpNAxFHnVCFw=">AAAB6nicbZBNS8NAEIYnftb6VfXoZbEIglASKeix4MVjRfsBbSibzaRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iAVXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVsnmWLYYolIVDegGgWX2DLcCOymCmkcCOwE49tZvfOESvNEPppJin5Mh5JHnFFjrYfwsj6oVN2aOxdZBa+AKhRqDipf/TBhWYzSMEG17nluavycKsOZwGm5n2lMKRvTIfYsShqj9vP5qlNybp2QRImyTxoyd39P5DTWehIHtjOmZqSXazPzv1ovM9GNn3OZZgYlW3wUZYKYhMzuJiFXyIyYWKBMcbsrYSOqKDM2nbINwVs+eRXaVzXP8n292qgXcZTgFM7gAjy4hgbcQRNawGAIz/AKb45wXpx352PRuuYUMyfwR87nD559jU0=</latexit>

d + 5
<latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit><latexit sha1_base64="F9dTwwbUrCLFOIVi9bBRaRNsOws=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFEISSSEWPBS8eK9oPaEPZbCbt0s0m7G6EUvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78wap4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy2dZIphkyUiUZ2AahRcYtNwI7CTKqRxILAdjG5n9fYTKs0T+WjGKfoxHUgecUaNtR7Ci6t+ueJW3bnIKng5VCBXo1/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXoqQxan8yX3VKzqwTkihR9klD5u7viQmNtR7Hge2MqRnq5drM/K/WzUx040+4TDODki0+ijJBTEJmd5OQK2RGjC1QprjdlbAhVZQZm07JhuAtn7wKrcuqZ/m+VqnX8jiKcAKncA4eXEMd7qABTWAwgGd4hTdHOC/Ou/OxaC04+cwx/JHz+QOgAY1O</latexit>

. . . <latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>

...
<latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit><latexit sha1_base64="rpqPHRDM55QcZiyDQRWiCSoGNhw=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix4MVjBdsKbSibzaZdu8mG3UmhhP4HLx4U8er/8ea/cdvmoK0vLDy8M8POvEEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pGNUphlvMyWVfgyo4VIkvI0CJX9MNadxIHk3GN/O690J10ao5AGnKfdjOkxEJBhFa3X6k1ChGVRrbt1diKyDV0ANCrUG1a9+qFgW8wSZpMb0PDdFP6caBZN8VulnhqeUjemQ9ywmNObGzxfbzsiFdUISKW1fgmTh/p7IaWzMNA5sZ0xxZFZrc/O/Wi/D6MbPRZJmyBO2/CjKJEFF5qeTUGjOUE4tUKaF3ZWwEdWUoQ2oYkPwVk9eh85V3bN836g1G0UcZTiDc7gED66hCXfQgjYweIJneIU3RzkvzrvzsWwtOcXMKfyR8/kDxzuPNA==</latexit>

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

○

○

○

○

○

○

○

0 1 2 3 4 5 6 7
s

Δ

Figure 2: Conformal dimensions of the PM and shift-symmetric fields. Each (blue) filled circle below the

diagonal line is a PM field and the corresponding shift-symmetric longitudinal mode is the (black) circle

obtained by reflecting about the dotted line � = s + d � 1. The open circles on the dotted line belong to

the same family as the conformally coupled scalar, corresponding to the diagonal squares in Figure 1.

This branching rule can be understood in a straightforward way by appealing to the representa-

tions of the dual CFT in d = D�1 dimensions.9 We label the CFT representations as (�, s), where

� is the scaling dimension of the dual CFT operator given in terms of the mass by the greater root

of (3.6). The branching rule then reads

(�, s) ������!
�!t+d�1

(t + d � 1, s) � (s + d � 1, t). (3.18)

The longitudinal module (s + d � 1, t) is precisely the submodule descended from the state (3.9)—

obtained by taking s � t divergences—which is going null in the PM limit. Note that the state

(s + d � 1, t) is the reflection of the state (t + d � 1, s) about the line � = s + d � 1 in the (s, �)

plane. This is illustrated in Figure 2.

The longitudinal mode is a massive field that inherits a shift symmetry. This shift symmetry

comes from the reducibility parameters of the PM gauge transformation discussed in Section 3.3.

To illustrate this explicitly, consider the PM limit m
2

! 2H
2 of a massive spin-2 field in D = 4 dS

9
Though we phrase this in terms of AdS representations, identical considerations apply in the dS case.

17



There is a series of algebras which result from finite truncations 
of various higher spin algebras:

Other higher spin interactions?
Higher-spin generalizations

I Need larger Lie algebras containing PM Killing tensors, such
as higher-spin or PM higher-spin algebras Fradkin, Vasiliev;
Vasiliev. These would correspond to shift-invariant theories
with an infinite number of interacting massive particles.

I PM higher-spin algebras have finite-dimensional truncations
Joung, Mkrtchyan. Simplest example is slD+1 =) special
galileon.

I The next finite algebra is generated by
(

,
T
,

T
,

T

,

T
)
.

This would correspond to a theory with �
k=2,4, Ak=2

µ , hk=0
µ⌫ .
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µ , hk=0
µ⌫ .

Boulanger, Skvortsov (2011)
Joung, Mkrtchyan (2015)

Theories with deformed algebras

For k = 2, the commutator is

[SA1A2 , SB1B2 ] = ↵⌘A1B1JA2B2 + · · · .

When ↵ 6= 0, the algebra is slD+1, spanned by the generators

⇢
,

T
�
.

This can be realised on a scalar by

�SAB� = X(AXB)T + ↵@(A�@B)T�,

with mass m2 = 2(D + 1)/L2. There is a unique invariant theory
with second-order EOM.
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the algebra develops an infinite-dimensional ideal corresponding to the generators M (r,2t)

with r− t > k . The coset algebra, denoted henceforth by fk , is finite dimensional one with

the generators M (r,2t) satisfying

r − t ≤ k . (6.7)

The Young diagram of M (r,2t) has r and r−2t boxes in the first and second row respectively,

so the total number is 2(r − t) . Therefore, the algebra fk consists of the generators whose

Young diagram contains no more than 2k boxes. This situation is very similar to the

one with massless HS algebras in three dimensions9, and five dimensions [6, 28] where

the corresponding HS algebras are the symmetries of symmetric tensor representations of

sl4 or, equivalently, (anti-)self-dual (spin-)tensors of so6 described by rectangular three-

row Young diagrams. For example, fk with k = 3 have (we omit the identity generator,

corresponding to Young diagram with no boxes)

{
,

}
,

{
, ,

}
,

{
, , ,

}
, (6.8)

where we have organized the generators in terms of the number of boxes. Regrouping the

same set according to spins, we get

{ }
,

{
,

}
,

{
,

}
,

{
,

}
,

{ }
,

{ }
. (6.9)

The dimension of f3 is
(
(d+1)(d+2)(d+6)

6

)2
. For generic integer value of k , the dimension of

fk is given again by a perfect square M2
k with

Mk =
(d+ 1)k−1(d+ 2k)

k!
. (6.10)

This suggests that the algebra fk is isomorphic to glMk
, an endomorphism of a sod+2

representation with dimension Mk . It turns out that this representation corresponds to

the finite-dimensional one-row sod+2 Young diagram with length k :

k . (6.11)

This can be verified by comparing the quadratic Casimir of (6.11) — given by k(k+ d) —

with that of (6.6) : the latter gives

C2(so(d+ 2)) = −
(d− 2λ)(d + 2λ)

4
= k(k + d) , (6.12)

9In fact, the three dimensional HS algebra hs[λ] can be interpreted as the partially-massless HS algebra

in (A)dS2, and allows for finite-dimensional truncations, interpreted as partially-massless algebras [26].
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Is there a shift-symmetric theory with an infinite tower of fields 
coming from the longitudinal modes of Vasiliev theory?



Summary

• There should be other multi-field/higher-spin examples

• Gave an example where an EFT on a brane can’t tell 
timelike from spacelike extra dimensions

• Power counting in EFTs coming from geometric setups can 
be subtle and obscured

Basile, Joung, Oh (2023)• Possible interesting connection to novel AdS reps


